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Abstract: We investigate the energy loss and equilibration of highly energetic parti-
cles/jets inside a QCD medium. Based on an effective kinetic description of QCD, in-
cluding 2 ↔ 2 elastic processes, radiative 1 ↔ 2 processes, as well as the back-reaction
of jet constituents onto the thermal medium, we describe the in-medium evolution of jets
from the energy scale of the jet ∼ E all the way to the medium scale ∼ T . While elastic
processes and back-reaction are important to describe the equilibration of soft fragments
of the jet, we find that the energy loss is dominated by an inverse turbulent cascade due to
successive radiative branchings, which has interesting implications for the energy spectra
and chemistry of jet fragments.
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1 Introduction
Experimental studies of heavy-ion collisions at RHIC [1, 2] and LHC [3–6] have established
that a deconfined QCD medium is formed at the early stages of the collision. Besides
soft observables which display collective behavior [7, 8], another crucial signatures of the
Quark-Gluon-Plasma (QGP) in heavy-ion collisions is the energy loss and suppression of
highly energetic particles or jets. Due to the interaction with the medium, highly energetic
particles or jets can lose energy, and perhaps even thermalize inside the medium, thereby
providing an important tool to characterize the QGP medium and a unique opportunity
to gain insights into the non-equilibrium dynamics of hot and dense QCD matter. Since
the same processes underlying jet quenching are also believed to be responsible for the
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equilibration of the QGP at early times [9–11], establishing a conclusive picture of the
in-medium jet evolution all the way from the energy scale of the jet ∼ E to the scale
of thermal medium ∼ T is an important task, whose experimental and theoretical study
provided a unique opportunity to explore the out-of-equilibrium dynamics of the QGP.
Describing jet evolution in QCDmedium has motivated several theoretical studies, with
approaches ranging from diagrammatic calculations including single or multiple medium
induced emissions [12–14], effective kinetic descriptions [15–19], to sophisticated Monte
Carlo simulations [20–23] some of which even include a fully coupled jet-medium evolution.
While all of these approaches provide a solid description of experimental measurements in
their respective range of applicability, a general challenge in the description of in-medium
jet evolution is to devise a consistent simultaneous description of the near-thermal soft
and hard constituents of the jet. While previous works have shown that jet energy loss
in the medium is governed by successive radiative branchings driving an inverse turbulent
energy cascade [17–19], the focus of these earlier studies was on the effects on the hard
constituents and did not properly take into account the equilibration of soft fragments and
energy balance with the medium. We improve on this analysis, by elastic energy loss and
medium recoils in the small angle approximation, allowing us to follow the jet evolution
from high energies (∼ E) all the way the soft medium sector (∼ T ) and carefully examine
the evolution of the in-medium jet shower starting from early collisional and radiative
energy loss all the way to complete equilibration of jets inside the medium.
This paper is organized as follows: We first introduce the effective kinetic description
in Section 2, followed by a short discussion of the parametrical behavior of the various
processes. We present our main results in Section 3, where we discuss different phases of
the in-medium jet evolution, with an emphasis on how a turbulent cascade dominates the
energy loss and affects the chemical composition of medium modified jets throughout the
evolution. We conclude in Section 4, with a summary of our main results and their possible
consequences, and provide additional details of our study in Appendices A and B.
2 Effective kinetic description of in-medium jet evolution
We study the evolution and equilibration of the jet inside a thermal Quark-Gluon plasma
(QGP) based on an effective kinetic description, where both the jet and the thermal QGP
medium are described by a phase-space distribution fa(p, x, t) of on-shell partons, with
a = g, q, q¯ denoting the parton species. Starting from the effective kinetic theory of QCD
[24], the time evolution of the phase space distribution functions fa(p, x, t) is governed by
the Boltzmann equation(
∂t +
p
|p|∇
)
fa(p, x, t) = C2↔2a [{fi}] + C1↔2a [{fi}] , (2.1)
where at leading order of the coupling constant g one needs to include number conserving
2 ↔ 2 processes and effective collinear 1 ↔ 2 processes. While in principle Eq. 2.1 can
provide a detailed account of the space-time dynamics of the coupled jet-medium system,
it is also notoriously difficult to solve and extract all the features of the rich underlying
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dynamics. In order to gain insights into the evolution and equilibration of the jets inside
the QGP, we will therefore consider the evolution of the jet inside a static homogenous
thermal medium. Since the hard jet partons are dilute compared to the soft thermal parti-
cles, we can describe the phase-space distribution of jet partons δfa(p,x, t) as a linearized
perturbation on top of the static medium and write
fa(p,x, t) = na(p) + δfa(p,x, t) , (2.2)
where na(p) is the thermal distribution, i.e. depending on the particle species ng(p) =
1
ep/T−1 is the Bose-Einstein distribution or nq/q¯(p) =
1
ep/T+1 is the Fermi-Dirac distribu-
tion1. By linearizing Eq. (2.1) around thermal equilibrium and integrating over the posi-
tion x, we then obtain a closed set of evolution equations for the momentum distributions
δf¯a(p, t) =
∫
d3x δfa(p,x, t) of jet partons
∂tf¯a(p, t) = δC2↔2a [{fi}, {δf¯i}] + δC1↔2a [{fi}, {δf¯i}] , (2.3)
which we will solve numerically to analyze the in-medium evolution of the jet shower.
When investigating the in-medium evolution of the jet shower, it is often more convenient
to study the re-distribution of energy, which can be quantified in terms of
Da(x, t) ≡ xdNa
dx
= νa
∫
d3p
(2pi)3
|p|
E
δ
( |p|
E
− x
)
δf¯a(p, t) , (2.4)
where E is the total energy of the jet and x ≡ |p|E is the energy fraction carried by each
parton in the jet. We note that the distribution Da(x, t) to some extent analogous to
a fragmentation function in the vacuum [19]; in particular the distributions satisfy the
following sum rules, related to energy E and charge (Qf ) conservation
∑
a
∫
dx Da(x, t) = 1 ,
∫
dx
x
(
Dqf (x, t)−Dq¯f (x, t)
)
= Qf , (2.5)
and we will therefore frequently refer to the distributions Da(x, t) as the in-medium frag-
mentation function.
Based on Eq. (2.3), the evolution of the momentum/energy distributions of jet partons
Da(x, t) is entirely driven by interactions with the medium constituents,
∂tDa(x, t) = C2↔2a [{Di}] + C1↔2a [{Di}] , (2.6)
where as in Eq. (2.4) we have defined Ca[{Di}] ≡ νa
∫ d3p
(2pi)3
|p|
E δ
( |p|
E − x
)
Ca[{fi}, {δf¯i}].
We will include all contributions from 1 ↔ 2 inelastic processes and (small-angle) 2 ↔ 2
elastic processes involving quark and gluon degrees of freedom. Below we provide a short
summary of the contributions from the individual processes, along with some further details
of the concrete implementation in our study.
1We consider vanishing chemical potentials for all quark flavors.
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2.1 Small-angle scatterings
Contributions to the collision integrals for elastic 2↔ 2 scattering processes can be further
separated into large-angle scatterings and small-angle scatterings
C2↔2a [{fi}] = C largea [{fi}] + Csmalla [{fi}] , (2.7)
by introducing a cut-off µ on the energy-momentum transfer in the t and u channels [25, 26].
When the infrared cutoff for the large-angle scattering is matched with ultraviolet cutoff
for the small-angle scattering, it can be shown that the cut-off dependence cancels, and
one recovers the full in-medium matrix elements at leading and next-to-leading order [26].
Since large-angle elastic scatterings exhibit the same parametric dependencies as small
angle processes [10, 24, 27], we will only consider small-angle scatterings in the following
and leave the conceptually straightforward inclusions of large-angle scatterings as a future
task.
By considering the limit of small momentum transfer, the collision integral for small
angle 2↔ 2 scatterings reduces to a Fokker-Planck equation [25, 26]
Csmalla [{fi}] = −∇pJa + Sa , (2.8)
which features two distinct contributions, associated with drag and momentum diffusion
(−∇pJa) and conversion between quark and gluon degrees of freedom (Sa). Drag and
momentum diffusion arise from soft u, t-channel gluon exchanges, and can be characterized
by the momentum currents
Jg = −CA4
[
ˆ¯q∇pfg(p) + η¯D p|p|fg(p)(1 + fg(p))
]
, (2.9)
Jqf = −
CF
4
[
ˆ¯q∇pfqf (p) + η¯D
p
|p|fqf (p)(1− fqf (p))
]
, (2.10)
Jq¯f = −
CF
4
[
ˆ¯q∇pfq¯f (p) + η¯D
p
|p|fq¯f (p)(1− fq¯f (p))
]
, (2.11)
where ˆ¯q and η¯D are the momentum diffusion constant and the drag coefficient stripped of
their respective color factor. One finds that at leading order
ˆ¯q ≡ g4pi L
∫ d3k
(2pi)3
{
CAfg(k)(1 + fg(k)) + 12
∑
f
[
fqf (k)(1− fqf (k)) + fq¯f (k)(1− fq¯f (k))
]}
,
(2.12)
η¯D ≡ g
4
pi
L
∫
d3k
(2pi)3
2
|k|
CAfg(k) + 12 ∑
f
[
fqf (k) + fq¯f (k)
] , (2.13)
where L = ∫ µmD dqq denotes the logarithmic phase-space for small angle scatterings, which
we will take to be of order unity setting L = 1 in our analysis.
Similarly, conversion terms in Eq. (2.8) stems from soft u-channel quark exchanges in
the gq ↔ gq, gq¯ ↔ gq¯ and gg ↔ qq¯ processes, which effectively convert between particle
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flavors without significantly affecting their momenta. By following [25, 26], we find that
the corresponding terms in the Fokker-Planck equation can be written as
Sg =
1
8|p|
∑
f
([
fqf (p)(1 + fg(p))− fg(p)(1− fq¯f (p))
]
Iq¯f (2.14)
+
[
fq¯f (p)(1 + fg(p))− fg(p)(1− fqf (p))
]
Iqf
)
,
Sqf =
νg
νq
1
8|p|
[
fg(p)(1− fqf (p))Iqf − fqf (p)(1 + fg(p))Iq¯f
]
, (2.15)
Sq¯f =
νg
νq
1
8|p|
[
fg(p)(1− fq¯f (p))Iq¯f − fq¯f (p)(1 + fg(p))Iqf
]
, (2.16)
where Iqf and Iq¯f are given by the following moments of the phase-space distribution
Iqf =
g4CFL
pi
∫
d3k
(2pi)3
1
|k|
[
fqf (k)(1 + fg(k)) + fg(k)(1− fq¯f (k))
]
, (2.17)
Iq¯f =
g4CFL
pi
∫
d3k
(2pi)3
1
|k|
[
fq¯f (k)(1 + fg(k)) + fg(k)(1− fqf (k))
]
. (2.18)
We note that while the conversion terms in Eq. (2.8), affect the chemistry of the QGP, they
do not directly contribute to the redistribution of energy as the relevant linear combination
νgSg + νq
∑
f
(Sqf + Sq¯f ) = 0 , (2.19)
vanishes identically.
Based on the collision integrals for small angle scattering processes in Eq. (2.8), we
then proceed with the linearization around the static homogenous equilibrium background.2
When linearizing the momentum current (Ja) around the equilibrium distribution, one ob-
tains two distinct types of contributions, which can be associated with changes of the
phase-space density in Eqns. (2.9,2.10,2.11) or respectively with the changes of the mo-
mentum diffusion constant ˆ¯q and the drag coefficient η¯D in Eq. (2.12,2.13). Physically,
the first part Ja[{Di}] acts primarily on the hard sector, diffusing the particle momentum
and dragging it to the infrared. Conversely, the second part δJa[{Di}] associated with the
changes of ˆ¯q and η¯D, corresponds to the recoil response of the medium, and describes how
the energy lost from the hard sector is deposited into the softer medium particles.
Expressing the result in terms of the in-medium fragmentation function Da(x, t), the
hard particles currents −∇pJa[{Di}] are given by
−∇pJg[{Di}] = CA
ˆ¯qeq
4T 2 x∂x
[
T 2
E2
x2∂x +
T
E
x2(1 + 2nB(xE))
]
Dg(x)
x3
, (2.20)
−∇pJqf [{Di}] =
CF ˆ¯qeq
4T 2 x∂x
[
T 2
E2
x2∂x +
T
E
x2(1− 2nF (xE))
]
Dqf (x)
x3
, (2.21)
2Evidently the collision integral vanishes for the equilibrium background due to detailed balance
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−∇pJq¯f [{Di}] =
CF ˆ¯qeq
4T 2 x∂x
[
T 2
E2
x2∂x +
T
E
x2(1− 2nF (xE))
]
Dq¯f (x)
x3
, (2.22)
where ˆ¯qeq is the equilibrium momentum diffusion constant
ˆ¯qeq =
g4
pi
∫
d3p
(2pi)3
[
CAnB(p)(1 + nB(p)) +NfnF (p)(1− nF (p))
]
= g
4
pi
T 3
2
(
Nc
3 +
Nf
6
)
,
(2.23)
and we have made use of the Einstein relation η¯D = ˆ¯qeq/T to eliminate the drag coefficient
from Eqns. (2.20,2.21,2.22). Similarly, the recoil terms δJa[{Di}] are written as
−∇pδJg[{Di}] = CA
ˆ¯qeq
4T 2
Tδη¯D − δ ˆ¯q
ˆ¯qeq
νg
2pi2
T
E
x∂xx
2nB(xE)(1 + nB(xE)),
(2.24)
−∇pδJqf/q¯f [{Di}] =
CF ˆ¯qeq
4T 2
Tδη¯D − δ ˆ¯q
ˆ¯qeq
νq
2pi2
T
E
x∂xx
2nF (xE)(1− nF (xE)) ,
(2.25)
where the recoil coefficients are given by
δ ˆ¯q = g4pi E3
∫
dx 1x
[
CAν
−1
g Dg(x)(1 + 2nB(xE)) + 12
∑
f ν
−1
q (Dqf (x) +Dq¯f (x))(1− 2nF (xE))
]
,
(2.26)
δη¯D =
g4
pi
E2
∫
dx
2
x2
[
CAν
−1
g Dg(x) +
1
2
∑
f
ν−1q (Dqf (x) +Dq¯f (x))
]
. (2.27)
Since δ ˆ¯q and δη¯D are determined by the non-equilibrium contributions from the jet, they do
not satisfy an Einstein relation, i.e. δη¯D 6= δ ˆ¯q/T , giving rise to a finite recoil contribution
in Eqns. (2.24,2.25).
Similarly, when linearizing the conversion terms around equilibrium one finds that
the contributions can be separated into conversions of hard particles Sa[{Di}] and (recoil)
conversions of thermal constituents δSa[{Di}] in an analogous fashion. Evaluating the
action of conversions on the hard particles, one finds
Sg[{Di}] =
νg
Ieqqf
8T 2
T
xE
∑
f
{
ν−1q
[
Dqf (x) +Dq¯f (x)
]
(1 + 2nB(xE))− 2ν−1g Dg(x)(1− 2nF (xE))
}
,
(2.28)
Sqf ,q¯f [{Di}] = νg
Ieqqf
8T 2
T
xE
{
ν−1g Dg(x)(1− 2nF (xE))− ν−1q Dqf ,q¯f (x)(1 + 2nB(xE))
}
,
– 6 –
(2.29)
where in accordance with Eqns. (2.17,2.18), we denote
Ieqqf = Ieqq¯f =
g4CFLT 2
8pi , (2.30)
for a charge neutral plasma. Due to the identity nF (p)(1+nB(p)) = nB(p)(1+nF (p)) one
finds that the recoil contribution to the source term Sg in Eq. (2.15) vanishes identically,
δSg[{Di}] = 0 , (2.31)
and only the quark and antiquark channels acquire a recoil contribution given by
δSqf [{Di}] =
νg
2pi2
x2
8E
(
δIqf − δIq¯f
)
nB(xE)(1− nF (xE)) , (2.32)
δSq¯f [{Di}] =
νg
2pi2
x2
8E
(
δIq¯f − δIqf
)
nB(xE)(1− nF (xE)) , (2.33)
where δIqf and δIq¯f are the linearization of the integrals in Eqns. (2.17,2.18), whose dif-
ference is given by
(
δIq¯f − δIqf
)
= g
4CFL
pi
E2
∫
dx
1
x2
(1 + 2nB(xE)) ν−1q
(
Dqf (x)−Dq¯f (x)
)
. (2.34)
Since ∑a δSa[{Di}] = 0, the conversions of thermal constituents do not affect the en-
ergy distribution of jet fragments ∑aDa(x, t). However, for charged jets, they do affect
the distribution of valence charge, as described by the charge distributions 1x(Dqf (x, t) −
Dq¯f (x, t)).
2.2 Collinear radiation
Elastic interactions of jet particles with the constituents of the thermal QGP, give rise to
medium induced radiation which provides an important contribution to their energy loss
[15, 28, 29]. Generally, the interplay between vacuum like emissions which are tied to the
production vertex and medium induced emissions which can occur anywhere inside the
medium can be rather complicated [30], and results in an explicit path length L or time
t dependence of the medium induced radiation rates [30–33]. Since we are particularly
interested in jets which lose a large fraction of their energy to the medium, there is however
a clear separation of time scales between the initial vacuum like shower and the subsequent
energy loss of the jet inside the medium. We will therefore neglect the effects of vacuum
like emissions, anticipating that they can be absorbed into the initial conditions for the
in-medium evolution. Since we are particularly interested in the evolution on large time
scales, we will also not consider the explicit path length L dependence of the medium
induced radiation rates, and instead employ the large L limit of the medium induced
radiation rates, following the approach of Arnold, Moore and Yaffe (AMY) [24], where
medium induced radiation is described by collinear 1 ↔ 2 splittings/mergings with an
effective rate dΓ
a
bc(p,z)
dz =
∫
d2k
dΓabc(p,z)
d2kdz obtained from integrating the fully differential rate
– 7 –
over the transverse momentum k of the splitting. Based on the approach of [10, 24, 27],
the collinear in-medium radiation rates dΓ
a
bc(p,z)
dz
3 are then obtained from
dΓabc(p, z)
dz
= αsPbc(z)[2pz(1− z)]2
∫
d2pb
(2pi)2 Re
[
2pb · g(z,P )(pb)
]
, (2.35)
where g(z,P ) is a solution to the integral equation
2pb = iδE(z, P,pb)g(z,P )(pb) +
∫
d2q
(2pi)2
dΓ¯el
d2q
{
C1
[
g(z,P )(pb)− g(z,P )(pb − q)
]
+
Cz
[
g(z,P )(pb)− g(z,P )(pb − zq)
]
+ C1−z
[
g(z,P )(pb)− g(z,P )(pb − (1− z)q)
]}
.
(2.36)
The energy δE(z, P,pb) is defined by
δE(z, P,pb) =
p2b
2Pz(1− z) +
m2∞.(z)
2zP +
m2∞.(1−z)
2(1− z)P −
m2∞.(1)
2P . (2.37)
We define the factors C1 = 12
(
CRz + CR1−z − CR1
)
, Cz = 12
(
CR1−z + CR1 − CRz
)
and C1−z =
1
2
(
CR1 + CRz − CR1−z
)
, using color factor of the species with momentum fraction 1,z and
1−z respectively. For the elastic broadening kernel dΓ¯el
d2q , we use the leading order expression
dΓ¯el
d2q
= m
2
D
q2(q2 +m2D)
. (2.38)
We solve Eq. (2.35) self-consistently, obtaining a resumation of multiple scatterings to all
orders, encompassing the Bethe-Heitler (BH) regime at low energy z(1−z)p . ωBH ∼ T as
well as the Landau-Pomeranchuk-Migdal (LPM) regime at high energy z(1−z)p ωBH ∼
T . Based on this formalism, the effect of medium induced radiation is then described by
the 1↔ 2 collision integral
C1↔2a [{fi}] =∑
bc
{
− 12
∫ 1
0 dz
dΓabc(p,z)
dz
[
fa(p)(1± fb(zp))(1± fc(z¯p))− fb(zp)fc(z¯p)(1± fa(p))
]
+ νbνa
∫ 1
0
dz
z3
dΓbac(
p
z
,z)
dz
[
fb
(p
z
)
(1± fa(p))
(
1± fc
(
z¯
zp
))− fa(p)fc ( z¯zp) (1± fb (pz )) ]
}
,
(2.39)
where dΓ
a
bc(p,z)
dz is the effective rate for particle a to split into b and c with energy zp and z¯p
respectively, and we will denote z¯ = 1 − z in the following. Details of the re-construction
of the in-medium rates dΓ
a
bc(p,z)
dz are provided in Appendix A. By linearizing the collision
integrals, and expressing the contributions to the evolution equation for the in-medium
3We follow the notation of P. Arnold [30], and refer to [30] for comparison to other notations.
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fragmentation function, the contributions to the evolution of Dg(x, t) are given by the sum
of g → gg, q → qg, q¯ → q¯g and g → qq¯ processes
Cg↔ggg [{Di}] =
∫ 1
0
dz
dΓggg(
(
xE
z
)
, z)
dz
[
Dg
(
x
z
)(
1 + nB(xE) + nB
(
z¯xE
z
))
+Dg(x)
z3
(
nB
(
xE
z
)
− nB
(
z¯xE
z
))
+
Dg
(
z¯xE
z
)
z¯3
(
nB
(
xE
z
)
− nB(xE)
)]
−12
∫ 1
0
dz
dΓggg(xE, z)
dz
[
Dg(x)(1 + nB(zxE) + nB(z¯xE))
+Dg(zx)
z3
(nB(xE)− nB(z¯xE)) + Dg(z¯x)
z¯3
(nB(xE)− nB(zxE))
]
,
(2.40)
Cq↔qgg [{Di}] =
∑
f
∫ 1
0
dz
dΓqgq(xEz ,z)
dz
[
Dqf
(
x
z
) (
1 + nB(xE)− nF
(
z¯xE
z
))
+νq
νg
Dg(x)
z3
(
nF
(
xE
z
)
− nF
(
z¯xE
z
))
− Dqf (
z¯x
z )
z¯3
(
nF
(
xE
z
)
+ nB(xE)
) ]
,
(2.41)
C q¯↔q¯gg [{Di}] =
∑
f
∫ 1
0
dz
dΓqgq(xEz ,z)
dz
[
Dq¯f
(
x
z
) (
1 + nB(xE)− nF
(
z¯xE
z
))
+νq
νg
Dg(x)
z3
(
nF
(
xE
z
)
− nF
(
z¯xE
z
))
− Dq¯f (
z¯x
z )
z¯3
(
nF
(
xE
z
)
+ nB(xE)
) ]
,
(2.42)
Cg↔qq¯g [{Di}] = −
∑
f
∫ 1
0
dz
dΓgqq¯(xE,z)
dz
[
Dg(x)(1− nF (zxE)− nF (z¯xE))
−νg
νq
Dqf (zx)
z3
(nB(xE) + nF (z¯xE))− νgνq
Dq¯f (z¯x)
z¯3 (nB(xE) + nF (zxE))
]
.
(2.43)
where both 1 → 2 and inverse 2 → 1 processes are included along with the appropriate
final state Bose enhancement and Fermi suppression, such that the above also include the
(linearized) back-reaction of the jet particles onto the medium and automatically satisfy
energy-momentum conservation. Similarly, the contributions to the evolution of the in-
medium fragmentation function of quarks and anti-quarks Dq(x, t) and Dq¯(x, t) are given
by the sum of q → qg or respectively q¯ → q¯g, and g → qq¯ processes, which take the form
Cq↔qgqf [{Di}] = −
∫ 1
0
dz
dΓqgq(xE, z)
dz
[
Dqf (x)(1 + nB(zxE)− nF (z¯xE))
– 9 –
+νq
νg
Dg(zx)
z3
(nF (xE)− nF (z¯xE))−
Dqf (z¯x)
z¯3
(nF (xE) + nB(xE))
]
+
∫ 1
0
dz
dΓqgq
(
xE
z , z¯
)
dz
[
Dqf
(
x
z
)(
1 + nB
(
z¯xE
z
)
− nF (xE)
)
+νq
νg
Dg
(
z¯x
z
)
z3
(
nF
(
x
z
)
− nF
(
xE
z
))
− Dqf (x)
z¯3
(
nF
(
xE
z
)
+ nB
(
z¯xE
z
))]
,
(2.44)
Cg↔qq¯qf [{Di}] =
∫ 1
0
dz
dΓgqq¯(xEz ,z)
dz
[
Dg
(
x
z
) (
1− nF (xE)− nF
(
z¯xE
z
))
−νg
νq
Dqf (x)
z3
(
nB
(
xE
z
)
+ nF
(
z¯xE
z
))
− νgνq
Dq¯f ( z¯xz )
z¯3
(
nB
(
xE
z
)
+ nF (xE)
) ]
.
(2.45)
and similarly for anti-quarks, with qf replaced by q¯f in the above expressions.
2.3 Conservation laws and scaling
Before we proceed to our analysis of the evolution for the in-medium fragmentation func-
tion, we briefly note that by explicitly taking into account the backreaction of the jet on
the thermal QGP constituents, the above evolution equations satisfy the following sum
rules
∂t
∑
a
∫ ∞
0
dxDa(x, t) = 0 , ∂t
∫ ∞
0
dx
1
x
(
Dqf (x, t)−Dq¯f (x, t)
)
= 0 , (2.46)
associated with the energy (E) and net charge (Qf ) conservation. While for typical ex-
citations with energies ω = xE ∼ T of the order of the temperature of the QGP, all
contributions of elastic and inelastic processes to the collision integrals are parametrically
of the same order ∼ g4T [24, 27], the situation is markedly different for high-momentum
particles with ω = xE  T , where the various contributions to the collision integrals
behave parametrically as
C inelastica ∼ g4T
√
T
xE
Da(x, t) , (2.47)
CDraga ∼ g4T
(
T
xE
)
x∂xDa(x, t) , (2.48)
CConversiona ∼ g4T
T
xE
Da(x, t) , (2.49)
CDiffusiona ∼ g4T
(
T
xE
)2
(x∂x)2Da(x, t) , (2.50)
indicating that the evolution of high-momentum particles x T/E will be dominated by
inelastic processes, with power suppressed contributions from elastic processes. Neverthe-
less, including the effects of all leading order processes is important to study the evolution
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of softer fragments of the jet all the way to the temperature scale x ∼ T/E, where elastic
and inelastic contributions eventually become comparable in magnitude.
3 Energy loss and equilibration of Jets
We now proceed to the study of energy loss and equilibrium of jets inside a thermal QGP,
starting from an initial condition, where the initial energy distribution of partons inside the
jet Da(x, t) is given by a narrow Gaussian of width σ/E = 10−3/
√
2 centered around the
jet energy E, which is normalized to
∫
dx
∑
aDa(x, 0) = 1. With regard to the chemical
composition, we will consider two types of initial conditions, corresponding gluon and
quark jets where initially all the energy is stored either in the gluon or quark distribution
respectively, i.e. for a gluon jet
Dg−jetg (x, 0) =
e−
(xE−E)2
2σ2√
2piσ2
, Dg−jetq (x, 0) = 0 , D
g−jet
q¯ (x, 0) = 0 , (3.1)
whereas for a quark jet
Dq−jetg (x, 0) = 0 , Dq−jetq (x, 0) =
e−
(xE−E)2
2σ2√
2piσ2
, Dq−jetq¯ (x, 0) = 0 . (3.2)
If not stated otherwise, we will present results for the evolution of jets with energy E =
1000T , and express all time scales in terms of the dimensionless time variable
τ = t
tsplit(E)
= g4T
√
T
E
t . (3.3)
Since tsplit(E) = 1g4T
√
E
T corresponds to the typical timescale for an initial hard parton to
undergo a quasi-democratic (z ∼ 1/2) splitting, which will ultimately dictate the energy
loss [9, 10, 17, 27], we can expect that this normalization takes into account the leading
dependence on the jet energy. We will further address the jet energy dependence in Sec. 3.2,
where we compare results for different values of E/T = 10, 30, 100, 1000.
With regard to the quark distributions, it is convenient to decompose the in-medium
fragmentation functions Dqf (x) and Dq¯f (x) into flavor singlet (S) and valence (V) distri-
butions, which are obtained by the following linear combinations
DS(x) =
∑
f
Dqf (x) +Dq¯f (x), DVf (x) = Dqf (x)−Dq¯f (x), (3.4)
such that the singlet distribution DS(x) characterizes the energy distribution of quarks
inside the jet, whereas the valence distribution describes the distribution of valence charge
inside the jet. By careful inspection of the evolution equations, one finds that at the
linearized level, the evolution of DVf (x) decouples from the evolution of DS(x) and Dg(x),
indicating that different mechanisms will ultimately be responsible for the equilibration of
energy and valence charge of the jet.
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Figure 1: (top) Evolution of the energy carried by particles with momentum p > 2piT
for quark (left) and gluon (right) jets with E = 1000T . Different curves labeled Eg,S,jet
represent the energy fraction of gluons (g), quarks plus anti-quarks (S) and the sum of all
species (jet). (bottom) Differential energy loss rate dEjet/dτ divided by the corresponding
Casimir factor (CR = CA = Nc for gluons jets and CR = CF = N
2
c−1
2Nc for quark jets).
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Since our effective kinetic description explicitly takes into account the medium re-
sponse, the total energy E as well as the set of all valence charges Qf are explicitly con-
served. Nevertheless, over the course of the evolution jet energy and valence charge are
re-distributed from high-energy (ω ∼ E) to low energy (ω ∼ T ), where the soft constituents
of the jet will eventually thermalize with the surrounding medium. Hence, in order to ana-
lyze jet energy loss, we define a cut-off scale µ = 2piT , such that the hard constituents with
ω > µ are to be considered as part of the jet, whereas the soft constituents with ω < µ are
considered as part of the equilibrated medium.4 Based on this procedure, the individual
contributions of each species to the jet energy and valence charge is then evaluated as
Ei =
∫ ∞
µ/E
dx Di(x), Qf =
∫ ∞
µ/E
dx
x
DVf (x). (3.5)
We present our results for jet energy loss in Fig. 1, where the two upper panels show
the evolution of the different contributions to the energy for quark and gluon jets. Different
curves ES , Eg in each panel show the individual contributions of hard quarks and gluons, as
well as the total energy of hard constituents Etot. While initially quarks(gluons) dominate
the energy budget of quark (gluon) jets, strong changes in the chemical composition of the
jet take place over the course of the evolution. Eventually, by the time τ & 20 the chemical
composition of quark and gluon jets becomes nearly identical; however, at this point the
jet has already lost a significant fraction of its energy to the thermal medium.
By taking the time derivatives of the total energy of hard constituents Etot, we can
further compare the differential energy loss rate dE/dτ for quarks and gluon jets, which
are presented in the lower panel of Fig. 1. Starting from a small but non-zero energy
loss rate at very early times τ ' 0, the energy loss rate dE/dτ exhibits an approximately
linear increase with evolution time τ , which follows the expected Casimir scaling such
that 1CF dE/dτ |q−jet ≈ 1CAdE/dτ |g−jet at early times τ . 3. Subsequently, as the hard
constituents of the jet start to be significantly affected by the presence of the medium,
the energy loss rate experiences a broad maximum and the Casimir scaling of the energy
loss breaks down. Eventually, the energy loss rate dE/dτ decays exponentially at very late
times, as the few remaining constituents equilibrate with the thermal medium.
Based on the behavior observed in Fig. 1, we find that the in-medium evolution of the
jet can be roughly divided into three distinct stages, characterized by direct energy loss,
inverse turbulent cascade, and the eventual approach to equilibrium, which we will now
discuss in more detail.
3.1 Early stages of the evolution
During the early stages of in-medium jet evolution, elastic and inelastic processes give
rise to momentum broadening of the hard components of the jet, as can be seen from the
broadening of the jet peak around x ∼ 1 in Fig. 2, where we present the evolution of the
in-medium fragmentation functions Dg(x), DS(x) and DV (x) at early times. Even though
these processes initially have a small effect on the hard (x ∼ 1) components of the jet,
4 We note that in thermal equilibrium, around ∼ 75% of the total energy are contained in the energy
range [0, 2piT ].
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Figure 2: Early time behavior of the energy distribution for a quark jet (left) and a gluon
jet (right). Gray dashed lines represent single splitting as written in Eqns. (3.7-3.8) and
(3.9-3.10), while the green dashed lines represent the same splitting plus the elastic recoil
terms from Eqns. (3.18-3.19).
they can still lead to a sizeable deposition of energy into soft (x ∼ T/E) modes due to the
emission of soft radiation and recoil of the thermal medium. In order to further quantify
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the energy loss at early times, we can compute the energy deposition below the scale µ
perturbatively, i.e. assuming that at early times τ  1 the distributions Di(x) of hard
fragments are unmodified. By inserting the initial conditions in Eqns. (3.1, 3.2) into the
evolution equations (2.24-2.27, 2.40-2.45) for the fragmentation function and integrating
over momentum fractions x up to the cut-off scale µ/E  1, one finds an approximately
constant energy loss at early times
dE
dτ
∣∣∣∣
τ1
= γsoft−radiation + γrecoil , (3.6)
where γsoft−radiation is the contribution from the emission of soft radiation and γrecoil de-
scribes the contribution from elastic recoils.
Evaluating the inelastic contributions in the limit x 1, one finds that Bose-enhancement
and Fermi-suppresion factors cancel between gain and loss terms, such that for x 1 the
radiative contributions to the in-medium fragmentation functions are approximately given
by
gluon jet: Dsoft−radiationg (x, t) = xt
dΓggg(E, z)
dz
∣∣∣∣∣
z=x
, (3.7)
Dsoft−radiationS (x, t) = xtNf
dΓgqq¯(E, z)
dz
∣∣∣∣∣
z=x
, (3.8)
quark jet: Dsoft−radiationg (x, t) = xt
dΓqgq(E, z)
dz
∣∣∣∣∣
z=x
, (3.9)
Dsoft−radiationS (x, t) = D
soft−radiation
V (x, t) = xt
dΓqgq(E, z)
dz
∣∣∣∣∣
z=1−x
,(3.10)
which is indicated in Fig. 2 by a gray dashed line for the earliest three times. Based on the
above expressions, the resulting contributions to energy loss evaluate to
γsoft−radiationg−jet =
1
tsplit(E)
∫ µ
0
dx x
[
dΓggg(E, z)
dz
∣∣∣∣∣
z=x
+Nf
dΓgqq¯(E, z)
dz
∣∣∣∣∣
z=x
]
, (3.11)
= (0.0072︸ ︷︷ ︸
g→gg
+ 1.16 10−6︸ ︷︷ ︸
g→qq¯
Nf ) ,
γsoft−radiationq−jet =
1
tsplit(E)
∫ µ
0
dx x
[
dΓqgq(E, z)
dz
∣∣∣∣∣
z=x
+
dΓqgq(E, z)
dz
∣∣∣∣∣
z=1−x
]
, (3.12)
= 0.0038︸ ︷︷ ︸
q↔gq
,
where the quoted values correspond to numerical evaluations for E = 1000T and µ = 2piT
as usual.
Similarly, from Eq.(2.24) and (2.25) we can estimate the effect of the elastic recoil at
early times as
γrecoil = 1
tsplit(E)
∑
i
∫ µ
0
dx δJi[{Di}] ' 1
tsplit(E)
2dA
4TE4
ˆ¯q
(g4/pi)
[
δ ˆ¯q − Tδη¯D
]
, (3.13)
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where in the last step we have approximated
∫ 2pi
0 dx x
2na(xE)(1±na(xE)) '
∫∞
0 dx x
2na(xE)(1±
na(xE)). Evaluating the contributions to δ ˆ¯q and δη¯D based on the initial conditions for
gluon and quark jets in Eq. (3.1) and (3.2), one finds that
gluon jet: δ ˆ¯q = g
4
pi
ν−1g CAE
3 , δη¯D =
g4
pi
2ν−1g CAE2 , (3.14)
quark jet: δ ˆ¯q = g
4
pi
ν−1q E3
2 , δη¯D =
g4
pi
2ν−1q E2
2 , (3.15)
(3.16)
such that
γrecoil = 1
tsplit(E)
ˆ¯qeqCR
4E
[ 1
T
− 2
E
]
'
ˆ¯qeqCR
4TE ,
(3.17)
where CR corresponds to the particle carrying all the energy in the initial condition. We
also provide the behavior of the recoil contribution to the energy distribution at the early
times
Drecoilg (x, t) '
ˆ¯qeqCA
4TE x
2t nB(xE)(1 + nB(xE)) , (3.18)
DrecoilS (x, t) ' 2
ˆ¯qeqCF
4TE x
2t nF (xE)(1− nF (xE)) . (3.19)
which is indicated in Fig. 2 by a green dashed line for the earliest three times. While
the sum soft radiation and recoil contributions provides an excellent description of the
evolution of the in-medium fragmentation functions in Fig. 2 and the initial energy loss
rate in Fig. 1 at very early times, clear deviations of the spectrum at small x . T/E and
intermediate scales T/E  x  1 start to develop rather quickly, especially in the flavor
singlet quark channel (DS). Similarly, the early-time estimate in Eq. (3.6), also fails to
explain the linear rise of the energy loss rate seen in Fig. 2, which as we will discuss now can
be attributed to multiple successive splittings, which ultimately provide a more efficient
energy loss mechanism [9, 10, 17, 34].
3.2 Successive splittings & evolution at intermediate scales
Besides contributing to the energy loss, radiative emissions from the original hard partons
in Eqns. (3.7,3.8,3.9,3.10) also establish a spectrum of intermediate energy particles, as is
clearly seen from Fig. 2, where all intermediate scales are populated starting at early times.
Such radiated quanta at intermediate energy scales T/E  x 1 typically have a higher
interaction rate, and they can therefore undergo subsequent interactions with the thermal
medium to lose their energy.
Based on the parametric estimates in Eqns. (2.47-2.50), one expects the evolution at
scales T/E  x  1, to be dominated by inelastic scatterings and one can therefore
approximate the collision integrals as follows
Cg[{Di}] =
∫ 1
0
dz
dΓggg
(
xE
z , z
)
dz
Dg
(
x
z
)
− 12
dΓggg(xE, z)
dz
Dg(x)
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+
∫ 1
0
dz
dΓqgq
(
xE
z , z
)
dz
DS
(
x
z
)
−Nf
∫ 1
0
dz
dΓgqq¯(xE, z)
dz
Dg(x) ,
(3.20)
CS [{Di}] =
∫ 1
0
dz
dΓqgq
(
xE
z , z¯
)
dz
DS
(
x
z
)
− dΓ
q
gq(xE, z)
dz
DS(x)
+2Nf
∫ 1
0
dz
dΓgqq¯
(
xE
z , z
)
dz
Dg
(
x
z
)
, (3.21)
CV [{Di}] =
∫ 1
0
dz
dΓqgq
(
xE
z , z¯
)
dz
DV
(
x
z
)
− dΓ
q
gq(xE, z)
dz
DV (x) , (3.22)
where we neglected the contributions from Bose enhancement and Fermi suppression, which
are exponentially suppressed for energies xE  T . Since at sufficiently high jet energies
the relevant splitting rates Γabc are in the deep LPM regime [30, 35], they can further be
approximated by the leading-log solutions [19, 30]5
dΓggg(xE, z)
dz
' 1√
x
Kgg(z) = αs2piPgg(z)
√
ˆ¯q(xE)
xE
√
(1− z)CA + z2CA
z(1− z) ,
(3.23)
dΓqgq(xE, z)
dz
' 1√
x
Kgq(z) = αs2piPqg(z)
√
ˆ¯q(xE)
xE
√
(1− z)CA + z2CF
z(1− z) ,
(3.24)
dΓgqq¯(xE, z)
dz
' 1√
x
Kqg(z) = αs2piPgq(z)
√
ˆ¯q(xE)
xE
√
CF − z(1− z)CA
z(1− z) ,
(3.25)
where in the above expressions ˆ¯q(xE) should be fixed to match the full splitting kernel
at the relevant energy scale (see Appendix A for a comparison). Based on the above
expressions for the splitting rates, and the initial conditions in Eqns. (3.1) and (3.2) the
single emission spectrum then takes the approximate form
Dg(x, t) ' G(t)√
x
, (3.26)
DS(x, t) ' S(t)
√
x , (3.27)
featuring the characteristic 1/
√
x and
√
x power laws in the gluon and singlet quark chan-
nels with linearly rising amplitudes G(t) and S(t) given by
gluon jet: G(t) = C3/2A
αs
2pi
√
ˆ¯q(E)
E
t , S(t) = 2C1/2F NfTR
αs
2pi
√
ˆ¯q(E)
E
t , (3.28)
(3.29)
5Note that this approximation is also commonly referred to as harmonic oscillator approximation, and
that the functions Kij agree with the definitions in [19].
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quark jet: G(t) = CFC1/2A
αs
2pi
√
ˆ¯q(E)
E
t , S(t) = C3/2F
αs
2pi
√
ˆ¯q(E)
E
t . (3.30)
(3.31)
Beyond early times, the perturbative description in Eq. (3.28) breaks down, as the
radiated quanta undergo successive splittings; the spectrum at intermediate scales T/E 
x  1 no longer follows the single emission spectra from hard (x ∼ 1) primaries, but is
instead determined by the dynamics of multiple successive branchings of semi-hard (T/E 
x 1) fragments with a continuous influx of energy and valence charge due to continued
emissions from the hard (x ∼ 1) primaries.
In this context, it is important to point out that the set of evolution equations for
multiple successive branchings of semi-hard (T/E  x  1) fragments in Eqns. (3.20-
3.22) features a stationary solution of the form
Dg(x) =
G√
x
, DS =
S√
x
, DV = V
√
x , (3.32)
which following earlier works [17, 19] corresponds to the Kolmogorov-Zhakarov (KZ) spec-
trum of weak-wave turbulence, and is associated with the stationary transport of energy
and valence charge towards lower energies, i.e. an inverse energy and respectively particle
cascade. Despite the fact that the spectral shape ∝ 1/√x of the stationary gluon spectrum
in Eq. (3.32) agrees with that of single gluon emission spectra in Eq. (3.28), this agreement
is to some extent accidental, as the spectral shape of the KZ spectrum is determined by
the characteristic energy x-dependence of the splitting rates Γ(xE, z) ∼
√
ˆ¯q
xE in Eq. (3.23)
rather than the specific z-dependence of the splitting functions [18, 19, 36, 37]. Similarly,
the stationary Kolmogorov spectrum for the singlet quark distribution, also features the
same ∝ 1/√x behavior as the gluon distribution, with the ratio quark and gluon distribu-
tions DS(x)Dg(x) =
S
G determined by the (local) balance of g → qq¯ and q → qq processes[19]
S
G
= 2Nf
∫
dz z Kqg(z)∫
dz z Kgq(z) ≈ 0.07× 2Nf (3.33)
which is in sharp contrast to single emission spectra in Eq.(3.28), where quark emission is
power suppressed compared to gluon emission at small x.
Numerical results for the evolution of the in-medium fragmentation functions at inter-
mediate times τ are presented in Fig. 3, where the different panels show the distributions
Dg(x), DS(x) and DV (x) for quarks jets (left column) and gluon jets (right column). De-
spite the fact that the numerical results include both elastic and radiative processes with
full in-medium splitting rates, the turbulent spectra in Eq. (3.32) are clearly visible at
intermediate energy scales and persist over the entire range of evolution times shown in
Fig. 3. Especially in the subdominant channels i.e. for the singlet quark distribution inside
a gluon jet, or the gluon distribution inside a quark jet, the turbulent spectrum persist
over a large range of energy fractions 0.02 . x . 0.5 while for the dominant channels, it
is not as prominent due to the additional contributions from the jet peak around x ∼ 1.
Strong deviations from the turbulent spectrum also emerge at small x ∼ T/E, where the
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Figure 3: Evolution of the energy distribution at intermediate times for a quark jet (left)
and a gluon jet (right). One clearly observes the Kolmogorov spectra in Eq. (3.32) at
intermediate energies T/E  x 1.
effective description in Eqns. (3.32) breaks down, as other contributions from elastic and
inelastic processes become equally important and ultimately lead to the thermalization of
the soft fragments.
Clearly, the onset of turbulence has important consequences for the jet energy loss
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[9, 10, 17, 19, 34]. Since semi-hard fragments with T/E  x  1 can efficiently lose
energy to the thermal bath via multiple successive quasi-democratic (z ∼ 1/2) splittings,
the energy that is injected into the cascade due to semi-hard (T/E  x  1) primary
emissions is efficiently transferred all the way to the scale of the thermal medium x ∼ T/E,
thus providing a highly efficient energy loss mechanism. One characteristic feature of this
turbulent transport, is the fact that it can be described by an energy flux
dE
dτ
(Λ) =
∑
i
∫ ∞
Λ/E
dx ∂τDi(x) . (3.34)
from high-momenta (x ∼ 1) to low momenta (x ∼ T/E), which is independent of the
momentum scale Λ where the energy flux is evaluated. Numerical results for the energy flux
dE
dτ (Λ) are presented in Fig. 4, where we show the dependence of
dE
dτ (Λ) on the momentum
scale Λ for three different jet energies E = 10, 100, 1000T at various different stages of
the evolution. When the separation of scales between the jet energy E and the medium
temperature T is large, we clearly see a plateau in the energy flux, which is virtually
constant within an inertial range of momenta between the jet energy and the medium
temperature. Such scale invariance of the energy flux ensures the energy injected into
the cascade is transported from high-energy (x ∼ 1) to low-energy (x ∼ T/E) fragments,
without an accumulation of energy at any intermediate scale. Conversely, the variations of
the energy flux with the scale Λ indicate the regions where energy is dissipated from the
hard components of the jet (x ∼ 1) and accumulated at the scale of the medium temperature
x ∼ T/E. By comparing the behavior for different jet energies in Fig. 4, we find that even
for jets with moderately high energies, E = 100T , there is still a sizeable momentum range
where an approximately scale invariant energy flux is formed at intermediate times, during
which the jet loses most of its energy to the thermal medium. However, for very low energy
jets, E = 10T , the energy flux strongly varies with the momentum scale Λ, indicating that
without a significant separation of scales the energy of the jet is directly transferred to the
medium without resorting to a turbulent energy cascade.
Based on the approximate form of the kinetic equations for T/E  x  E, we can
estimate the energy loss dEdτ in the turbulent regime as the scale invariant energy flux, which
can be computed as
dE
dτ
=
∫ 1
µ/E
dx
∫ 1
x
dz [Kgg(z) + 2NfKqg(z)]
√
z
x
Dg
(
x
z
)
−
∫ 1
µ/E
dx
∫ 1
0
dz [Kgg(z) + 2NfKqg(z)] z√
x
Dg(x) ,
+
∫ 1
µ/E
dx
∫ 1
x
dz [Kgq(z) +Kgq(1− z)]
√
z
x
DS
(
x
z
)
−
∫ 1
µ/E
dx
∫ 1
0
dz Kgq(z) 1√
x
DS(x) , (3.35)
By changing the order of integration and performing a change of variable x → x/z to
combine the gain and loss terms, the energy flux can be re-expressed as [19]
dE
dτ
= −
∫ 1
µ/E
dz z[Kgg(z) + 2NfKqg(z)]
∫ µ/zE
µ/E
dx
Dg(x)√
x
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Figure 4: Evolution of the energy flux in Eq. 3.34 for quark (left) and a gluon (right)
jets with different initial energies E = 1000, 100, 10T from top to bottom. Different curves
in each panel show the energy flux at different times with gray lines corresponding to
intermediate times.
−
∫ µ/E
0
dz z[Kgg(z) + 2NfKqg(z)]
∫ 1
µ/E
dx
Dg(x)√
x
−
∫ 1
µ/E
dz 2z [Kgq(z) +Kgq(1− z)]
∫ µ/zE
µ/E
dx
DS(x)√
x
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−
∫ µ/E
0
dz 2z[Kgq(z) +Kgq(1− z)]
∫ 1
µ/E
dx
DS(x)√
x
. (3.36)
Such that upon making use of the explicit form of the Kolmogorov-Zhakarov spectrum in
Eq. (3.32), one obtains the scale invariant energy flux in the limit µ/E  1 as
dE
dτ
= γ˜gG+ γ˜qS , (3.37)
with the flux constants
γ˜g =
∫ 1
0
dz z[Kgg(z) + 2NfKqg(z)] log(z) = αs2pi
√
ˆ¯q(
√
TE)
E
(25.78 + 2Nf0.177) ,(3.38)
γ˜q =
∫ 1
0
dz 2z[Kgq(z) +Kqq(z)] log(z) =
αs
2pi
√
ˆ¯q(
√
TE)
E
(11.595) , (3.39)
where we chose to evaluate ˆ¯q(
√
TE) at an intermediate scale between the jet energy E and
the medium temperature T . While the splitting functions in Eq. (3.23) exhibit a singular
behavior for soft emissions (z, 1 − z → 0), it is important to point out that the energy
flux in Eqns. (3.37) is in fact dominated by quasi-democratic (z ∼ 1/2) splittings, and we
refer the interested reader to [19] for further discussion and additional details of the above
calculation.
By making the amplitude G(τ) time dependent, in order to account for the injection of
energy into the cascade due to radiation from the hard (x ∼ 1) primaries as in Eq. (3.26),
and adding the contributions from soft-radiation and recoil, the energy loss in the turbulent
regime can then be estimated as
dE
dτ
= γsoft−radiation + γrecoil +
(
γ˜g +
S
G
γ˜q
)
G(τ) , (3.40)
which is shown in Fig. 1 as a gray dashed line and provides an excellent description of the
numerical results up to times τ . 5 where jets have deposited about 30% of their energy
to the thermal medium.
One striking prediction of the turbulent energy loss mechanism, is the universal ratio
of quark and gluon fragmentation functions DS(x)/Dg(x) in Eq. (3.33) within an inertial
range of energy T/E  x  1. Now in order to verify to what extent this behavior can
be realized over the course of the jet medium evolution, we present our numerical results
for the quark to gluon ratio in Fig. 5, which includes all effects due to elastic and in-
elastic interactions as described in Sec. 2. Different curves in Fig. 5, show the results for
DS(x)/2NfDg(x) for quark (solid lines) and gluon jets (dashed lines), at various stages of
the evolution. Indeed, one finds that starting around the times when the jet has lost about
20% of its total energy, the quark to gluon ratio at intermediate values of 0.02 . x . 0.1
is rather well described by the universal Kolmogorov ratio in Eq. (3.33) indicated by a
solid orange line in Fig.5. Vice versa, for small momentum fractions x ∼ T/E on the order
of the medium temperature, the quark to gluon ratio approaches its equilibrium value of
DS(x)/2NfDg(x) = νqνg indicating that the soft fragments of the jet have had sufficient
time to undergo chemical equilibration. While at early times the large x components of
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Figure 5: Quark to gluon ratio DS(x)/2NfDg(x) at different times as a function of the
momentum fraction x. Different curves in each panel correspond to a quark jet (solid lines)
and a gluon jet (dashed lines), at evolution times indicated by the amount of energy that the
jet has lost. Horizontal lines correspond to the equilibrium ratio DS(x)/2NfDg(x) = νq/νg
which is approached at small x, and the universal Kolmogorov ratio in Eq. (3.33) which is
approached at intermediate values of T/E  x 1 for a transient period of time.
the jet are dominated by the primary jet peak, and the jet chemistry is dominated by the
primary species, i.e. by gluons for gluon jets and by quarks for quark jets, the situation is
different at late times when the jet has lost a significant amount of its energy. Due to the
fact that hard gluons lose their energy more efficiently as compared to hard quarks, one
finds that the medium effectively acts as a chemical filter, such that even for gluon jets,
the hardest constituents of strongly quenched jets are more likely to be quarks, as can be
inferred from the steep rise of the quark to gluon ratio in the right panel of Fig. 5.
3.3 Evolution towards equilibrium
Eventually, the hard fragments of the jet have had sufficient time to undergo multiple suc-
cessive quasi-democratic branchings to deposit a significant amount of their initial energy
into the thermal medium. During this last stage of the evolution depicted in Fig. 6, the few
remaining hard fragments continue to lose energy and valence charge thereby heating up
the thermal bath and doping it with the valence charge. We find that in this regime, the
in-medium jet evolution follows the characteristic pattern of “bottom-up" thermalization
[9, 10, 38, 39], where the low energy part of the distribution (x ∼ T/E) is well described
by the (linearized) equilibrium distributions
Deqg (x) = νgδT ∂TnB(xE), (3.41)
DeqS (x) = 2NfνqδT ∂TnF (xE), (3.42)
DeqVf (x) = νqδµf ∂µnF (xE)|µ=0. (3.43)
with increasing temperature δT and chemical potential δµf as a function of time, which
eventually approach their final equilibrium values, indicated by the dashed lines in Fig. 6.
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Figure 6: Evolution of the in-medium fragmentation functions at late times for quark (left)
and gluon (right) jets. Dashed lines in each panel represent the asymptotic equilibrium
distributions in Eq. (3.41-3.43).
While the soft sector is already thermalized, the evolution of the hard components of
the distribution continues to be well described by the Kolmogorov-Zhakarov spectra in
Eq. (3.32) up to the highest available momentum fractions at each instant of time; as the
hard components continue to lose their energy to the thermal bath this cascade proceeds
towards lower and lower energies, in a fashion that is characteristic of decaying turbulence
[17, 19, 36, 37].
Clearly, the final stages of kinetic and chemical equilibration of jets closely resemble the
thermalization patterns previously observed in the context of thermalization of the QGP
at early times in heavy-ion collisions [10, 39, 40]. We will now further investigate to what
extent the kinetic and chemical equilibration of jets is similar to the typical excitations
of the medium, encoded e.g. in the transport properties of the QGP [41]. Based on our
effective kinetic description of in-medium jet evolution, the evolution of small perturbations
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Figure 7: Spectrum of the linearized collision operator. Different panels show the low-
lying eigenvalues (top left) as well as the associated eigenfunctions in the gluon (top right),
singlet (bottom left) and valence charge (bottom right) channels. Eigenfunctions have been
normalized according to
∫
dx Dg(x)2+DS(x)2 = 1 in the energy sector and
∫
dx DV (x)2 = 1
in the valence charge sector.
around equilibrium can be compactly expressed as
∂tDa(x, t) =
∫
dz δCab(x, z)Db(z, t) (3.44)
indicating that the long time behavior of the distributionsDa(x, t) is determined by the low-
lying spectrum of the linearized collision operator δCab(x, z), as quantified by the following
eigenvalue equation ∫
dz δCab(x, z)Db(z, t) = λ(k)D
(k)
b (x, t) (3.45)
We provide a compact summary of our findings in Figs. 7 where we show the spectrum
of the low-lying eigenvalues λ(k) along with the corresponding eigenfunctions D
(k)
a (x, t),
determined by numerical diagonalization of the discretized collision operator6.
6We have checked explicitly that varying the discretization does not significantly alter the results.
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Since the effective kinetic description in Sec.2, exactly conserves the energy E and
valence charges Qf , there is a total of Nf + 1 zero modes λ(k) = 0 of the collision oper-
ator, whose eigenfunctions correspond to the equilibrium solutions in Eq. (3.41), and are
correctly reproduced by our numerical analysis in Figs. 7. Due to the fact that energy and
valence charge evolution decouple from each other in the linearized kinetic description, the
linearized collision operator is block diagonal and one can further distinguish between the
spectrum of modes λ(E)(k) in the energy sector, spanned by the distributions (Dg, DS), and
the Nf -fold degenerate spectrum of modes λ(V )(k) in the valence charge sector (DVf ). Based
on our analysis, we find that both energy and charge sector feature a discrete low-lying
spectrum with low-lying eigenvalues λ(V )1,2 and λ
(E)
1,2 of similar magnitude, which in accor-
dance with our discussion determine the relaxation rates for energy and charge equilibration
close to equilibrium. We also find that the corresponding eigenfunctions are localized at
low energies p/T , in the sense that they decay exponentially [42] at large energies as can
be inferred from Fig. 7.
Now that we have determined the near-equilibrium relaxation rates for energy and
charge equilibrium, it is insightful to revisit the evolution of the jet energy (E) and valence
charge (Qf ) loss rates. Numerical results for the time evolution of the energy and valence
charge loss rates are presented in Fig. 8, which compactly summarized our results for quark
(dashed lines) and gluon jets (solid lines), with initial energies E = 30, 100, 300, 1000T .
By comparing the results for different energies in the top panels, which shows the rates
1
CR
dE/dτ and dQf/dτ as a function of the natural timescale τ = t/tsplit(E) for jet evolu-
tion, one finds that the leading jet energy dependence is indeed determined by the timescale
for hard splittings tsplit(E) and correctly captured by the scaling variable. Nevertheless,
with decreasing jet energy one observes a gradual change in the energy loss pattern, where
the constant energy and valence charge loss due to soft radiation and recoil starts to become
increasingly important compared to the turbulent jet energy loss mechanism. Bottom pan-
els of Fig. 8 show the same data for energy and valence charge loss, but now in units of the
natural medium timescale 1/g4T of the thermal medium. Based on our above discussion,
one ultimately expects that at asymptotically late times, the in-medium evolution of the
jet will be governed by the near-equilibrium relaxation rates, corresponding to the lowest
eigenvalues λ(E)1 and λ
(V )
1 of the linearized collision operator. While for low energy jets,
E = 30T , such an exponential decay is clearly visible at late times, as indicated by the
gray dashed lines in Fig. 8 which represent fits of the form dEdt ∝ eλ
(E)
1 t and dQdt ∝ eλ
(V )
1 t,
it is important to note that the jets have already lost nearly all of their energy by the
time that this near-equilibrium linear response treatment becomes applicable. We there-
fore conclude that the in-medium evolution of high-energy jets should be considered as a
genuine far-from-equilibrium probe of the QGP, whose space-time dynamics can not be
directly related to that of near equilibrium excitations and generally requires a detailed
microscopic description.
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Figure 8: Comparison of energy and valence charge loss rates for quark (full lines) and a
gluon (dashed lines) jets, with different initial jet energies E = 30, 100, 300, 1000. Dashed
lines in the lower panel represent fits to an exponential decay using the first nonzero
eigenvalues as the decay constant.
4 Conclusions & Outlook
Based on an effective kinetic description of jets in a thermal medium, we established a
comprehensive picture of in-medium jet evolution, from the earliest stages of elastic and
radiative energy loss all the way towards kinetic and chemical equilibration of jets inside
the medium. By including the leading order small angle elastic and inelastic processes, that
ensure energy and charge conservation and allow us to follow the evolution of the jet shower
all the way towards equilibrium, we can confirm earlier findings [17, 19] that the energy
loss of highly-energetic jets is dominated by a turbulent cascade due to successive radiative
branchings, which transports energy all the way from the energy scale of the jet x ∼ 1 to the
temperature of the thermal medium x ∼ T/E. Due to multiple successive branchings, the
in-medium fragmentation functions become insensitive to the hard structure of the jet, and
display universal turbulent features in an inertial range of energy fractions T/E  x 1,
while at the same time the soft fragments of the jet with x . T/E thermalize inside the
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medium. Even though the in-medium evolution of high energy jets closely resembles the
thermalization patterns observed in previous studies of the thermalization of the QGP at
early times [10, 39, 40], it turns out that the dominant mechanism underlying jet quenching
is quite different from the typical relaxation of near-equilibrium modes, indicating that jets
should really be considered as genuine non-equilibrium probes of the QGP.
Notably, the interactions of jets with the medium constituents lead to interesting
changes of the chemical composition of medium modified jets (see also [19]), which should
have experimentally observable consequences e.g. in ratios of identified particles (K/pi,
Λ/pi, D0/pi, Λc/pi, ...) inside/around heavy-ion jets. Of course, to provide detailed predic-
tions for such observables, one also has to include the effects of vacuum like emissions and
hadronization, and it will be interesting to further explore these aspects within suitable
Monte-Carlo implementations of jet evolution in heavy-ion collisions [20–23], which can
also account for potentially important effects due to fluctuations of the jet shower and the
medium.
So far our analysis has focused on energy deposition of the jet and the re-distribution
of energy as a function of the momentum fraction x on large time scales, where the jet
can lose a significant amount of energy to the thermal medium. While in this limit it
is well justified to use the radiative emission rates for an infinite medium, it would be
important to explicitly include the path length L dependence of the medium induced
emission rates, to extend our analysis towards shorter time scales. By including large
angle elastic scatterings into our framework, it would also be interesting to explore the
effects of the various processes on the angular (θ) structure of the jet, and explore the in-
medium evolution of jet shapes. Eventually, the goal of these studies should be to develop
a full picture of the out-of-cone energy loss of jets and its deposition into the thermal QGP
medium (“medium response”), which would provide an important step towards a unified
description of soft and hard probes in heavy-ion collisions.
Acknowledgment
We thank X. Du, C. Greiner, A. Mazeliauskas, Y. Mehtar-Tani, G. D. Moore, B. Schenke,
N. Schlusser and D. Teaney for insightful discussions throughout this project. This work is
supported by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)
through the CRC-TR 211 ’Strong-interaction matter under extreme conditions’– project
number 315477589 – TRR 211. The authors also gratefully acknowledge computing time
provided by the Paderborn Center for Parallel Computing (PC2).
– 28 –
A Numerical implementation
Below we provide details on the numerical implementation of the effective kinetic theory.
A.1 Basic formalism
Following the discrete-momentum method introduced in [43], we discretize the distribution
using “wedges” functions basis
Nai (τ) =
∫
dx wi(x)
Da(x, τ)
x
, (A.1)
where Nai is the wedge coefficient for the number of particle moment for the species a =
{g, qf , q¯f} and wi(x) is the wedge function defined as
wi(x) =

x−xi−1
xi−xi−1 , xi−1 < x < xi
xi+1−x
xi+1−xi , xi ≤ x < xi+1
0 , x > xi+1 or x < xi−1
(A.2)
with {xi} the discrete node points spanning the region of interest (∼ [0, 2]). We note that
the wedge functions display the following summation properties∑
i
wi(x) = Θ(xmax − x)Θ(x− xmin) , (A.3)∑
i
xiwi(x) = xΘ(xmax − x)Θ(x− xmin) . (A.4)
By use of these properties one finds simple relations for the number of particles and energy
na(τ) =
∑
i
Nai (τ) , Ea(τ) =
∑
i
xiN
a
i (τ) , (A.5)
allowing us to keep track of these quantities up to machine precision.
The collision integral is expanded in the same basis
Cai (τ) =
∫
dx wi(x)
Ca(x, τ)
x
. (A.6)
Because the collision integral Ca(x, τ) is linear in terms of the distribution of each species
one can write Cai (τ) as a matrix vector product
Cai (τ) =
∑
j
δCabij N
b
j (τ) = δC¯ab ~N b(τ) , (A.7)
by constructing the vector ~N and matrix C¯ from the coefficients and matrices of the
different species
~N(τ) ≡
 ~N
g(τ)
~N qf (τ)
~N q¯f (τ)
 , C¯(τ) ≡ δCai (τ)
δN bj (τ)
=
 C¯gg(τ) C¯gqf (τ) C¯gq¯f (τ)C¯qfg(τ) C¯qf qf (τ) C¯qf q¯f (τ)
C¯q¯fg(τ) C¯q¯f qf (τ) C¯q¯f q¯f (τ)
 . (A.8)
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where C¯ab(τ) are matrices that characterize the contribution of the distribution of species
b to the collision integral of species a. Although C¯(τ) will not depend on N bi (τ) because
Ca(τ) is linear in N bi (τ), we will still keep track of N bj (τ) when we write the matrices in
the following sections.
In order to recover the full distribution from the discrete values Nai (τ), we approximate
the coefficient integral by taking Da(x,τ)
Deqa (x)exE/T
to be constant between node points
Nai (τ) =
∫
dx wi(x)
Da(x, τ)
x Deqa (x)exE/T
Deqa (x)exE/T , (A.9)
= Da(x, τ)
Deqa (x)exE/T
Aai , (A.10)
where Aai is the area defined as
Aai ≡
∫
dx
x
wi(x)Deqa (x)exE/T . (A.11)
We now can write the value of the distribution at the node points, and using a linear
interpolation, one can write the full distribution as
Da(x, τ) =
∑
i
wi(x)Nai (τ)
Deqa (x)exE/T
Aai
, (A.12)
=
∑
i
xKi(x)Nai (τ) , (A.13)
we introduced the “cardinal” function Kai (x) ≡ wi(x)D
eq
a (x)exE/T
xAai in the last line.
Lastly, as the basis function is constant in time, the evolution of the coefficients ~N(τ)
are obtained directly from the discrete collision integral as follows
∂τ ~N(τ) = C¯ ~N(τ) , (A.14)
which admits the solution
~N(τ) = eτC¯ ~N(τ = 0) , (A.15)
where eτC¯ is a matrix exponentiation.
The integration in Eq. (A.6) is done numerically using a Monte Carlo integration
scheme, where at each step we update all elements of the matrix Cij which insures charge
and energy conservation thanks to Eq. (A.3) and (A.4). Writing the collision integral as a
matrix also allows us to compute the eigenvalues and eigenfunctions discussed in Section
3. In the following sections we will provide the different matrices corresponding to each
process from Section 2.
A.2 Discretization of small angle elastic collision integrals
It is straight forward to write the hard part of the current term in Eqns. (2.20-2.22) using
this discretization formalism. One only needs to introduce the wedge function integration
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and replace the distribution by its discrete form, we obtain
−∇pJ gij = Ngj (τ)CA
qˆeq
4T 2
∫
dx wi(x)
[
T 2
E2
(∂xx2∂x)
Kj(x)
x2
T
E
(∂xx2)
Kj(x)
x2
(1± 2na(xE))
]
,
(A.16)
−∇pJ qfij = N qfj (τ)CF
qˆeq
4T 2
∫
dx wi(x)
[
T 2
E2
(∂xx2∂x)
Kj(x)
x2
+ T
E
(∂xx2)
Kj(x)
x2
(1± 2na(xE))
]
,
(A.17)
−∇pJ q¯fij = N q¯fj (τ)CF
qˆeq
4T 2
∫
dx wi(x)
[
T 2
E2
(∂xx2∂x)
Kj(x)
x2
+ T
E
(∂xx2)
Kj(x)
x2
(1± 2na(xE))
]
,
(A.18)
for the quark/antiquark to ensure stability at the boundaries we employ an integration by
parts, inspired by the “weak” form of differential equations [44], and set the term fully
integrated to zero according to the boundary conditions.
Using the same approach the recoil contribution in Eqns. (2.24-2.25) are given by
−∇pδJ gij =
CA ˆ¯qeq
4T 2
Tδη¯jD − δ ˆ¯qj
ˆ¯qeq
νg
2pi2
T
E
∫
dx
2pi2wi(x)∂xx
2na(xE)(1± na(xE)) ,
(A.19)
−∇pδJ qf/q¯fij =
CF ˆ¯qeq
4T 2
Tδη¯jD − δ ˆ¯qj
ˆ¯qeq
νg
2pi2
T
E
∫
dx
2pi2wi(x)∂xx
2na(xE)(1± na(xE)) ,
(A.20)
where the recoil coefficients are now represented by vectors written as
δ ˆ¯qj = g
4
pi
E3
∫
dx
[
CAν
−1
g N
g
j (τ)Kj(x)(1 + 2nB(xE))
+12
∑
f
ν−1q (N
qf
j (τ)Kj(x) +N
q¯f
j (τ)Kj(x))(1− 2nF (xE))
]
,
(A.21)
δη¯jD =
g4
pi
E2
∫
dx
2
x
[
CAν
−1
g N
g
j (τ)Kj(x) +
1
2
∑
f
ν−1q (N
qf
j (τ)Kj(x) +N
q¯f
j (τ)Kj(x))
]
.
(A.22)
Similarly for the conversion term from Eqns. (2.28,2.29) we obtain
Sgij = νg
Ieqqf
8T 2
∫
dx
T
xE
wi(x)
∑
f
{
ν−1q
[
N
qf
j (τ)Kj(x) +N
q¯f
j (τ)Kj(x)
]
(1 + 2nB(xE))
−2ν−1g Ngj (τ)Kj(x)(1− 2nF (xE))
}
, (A.23)
S
qf ,q¯f
ij = νg
Ieqqf
8T 2
∫
dx
T
xE
wi(x)
{
ν−1g N
g
j (τ)Kj(x)(1− 2nF (xE))
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−ν−1q N qf ,q¯fj (τ)Kj(x)(x)(1 + 2nB(xE))
}
,
(A.24)
and the corresponding recoil contributions are given by
δS
qf
ij =
νg
2pi2
∫
dx wi(x)
x
8E
(
δIqfj − δI q¯fj
)
nB(xE)(1− nF (xE)) , (A.25)
δS
q¯f
ij =
νg
2pi2
∫
dx wi(x)
x
8E
(
δI q¯fj − δIqfj
)
nB(xE)(1− nF (xE)) , (A.26)
where the difference of δIqfj and δI q¯fj is given by(
δI q¯fj − δIqfj
)
= g
4CFL
pi
E2
∫
dx
1
x
(1 + 2nB(xE)) ν−1q
(
N
qf
j (τ)Kj(x)−N q¯fj (τ)Kj(x)
)
.
(A.27)
A.3 Discretization of inelastic collision integrals
Before discretizing the radiative collision integrals, we will combine both merging and
splitting processes in Eqns. (2.40-2.45) by introducing a delta function. Applying this to a
general 1↔ 2 processes, one finds
C1↔2a = −
1
2
∫ 1
0
dz
dΓabc(xE, z)
dz
[
Da(x)(1± nb(zxE)± nc(z¯xE))
±Db(zx)
z3
(na(xE)∓b nc(z¯xE))± Dc(z¯x)
z¯3
(na(xE)∓c nb(zxE))
]
+ νb
νa
∫ 1
0
dz
1
z
dΓbac(xEz , z)
dz
[
Db(
x
z
)(1± na(xE)± nc( z¯
z
xE))
±Da(x)
z3
(nb(
xE
z
)∓a nc( z¯
z
xE))± Da(x)
z¯3
(nb(
xE
z
)∓c na(xE
z
))
]
(A.28)
=
∫
dy
∫ 1
0
dz
dΓekc(yE, z)
dz
[
De(y)(1± nk(zyE)± nc(z¯yE))
±Dk(zy)
z3
(ne(yE)∓k nc(z¯yE))± Dc(z¯y)
z¯3
(ne(yE)∓c nk(zyE))
]
×
[
νb
νa
zδ(x− zy)δe,bk,a −
1
2δ(x− y)δ
e,a
k,b
]
,
(A.29)
where we used ∓a to represent either a minus if particle a is Boson or a plus if particle a
is a fermion. After employing the discretization scheme, one finds for the gluon collision
integrals
Cg↔ggg,ij =
1
2
∫
dx
∫ 1
0
dz
dΓggg(xE, z)
dz
[
Ngj (τ)Kj(x)(1 + nB(zxE) + nB(z¯xE))
+
Ngj (τ)Kj(zx)
z2
(nB(xE)− nB(z¯xE)) +
Ngj (τ)Kj(z¯x)
z¯2
(nB(xE)− nB(zxE))
]
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× [wi(z¯x) + wi(zx)− wi(x)] , (A.30)
Cq↔qgg,ij =
∑
f
∫ 1
0
dz
dΓqgq
(
xE
z , z
)
dz
[
N
qf
j (τ)Kj(x) (1 + nB(zxE)− nF (z¯xE))
+νq
νg
Ngj (τ)Kj(zx)
z2
(nF (xE)− nF (z¯xE))−
N
qf
j (τ)Kj(z¯x)
z¯2
(nF (xE) + nB(zxE))
]
×wi(zx) , (A.31)
C q¯↔q¯gg,ij =
∑
f
∫ 1
0
dz
dΓqgq
(
xE
z , z
)
dz
[
N
q¯f
j (τ)Kj(x) (1 + nB(zxE)− nF (z¯xE))
+νq
νg
Ngj (τ)Kj(zx)
z2
(nF (xE)− nF (z¯xE))−
N
q¯f
j (τ)Kj(z¯x)
z¯2
(nF (xE) + nB(zxE))
]
×wi(zx) , (A.32)
Cg↔qq¯g,ij = −
∑
f
∫ 1
0
dz
dΓgqq¯(xE, z)
dz
[
Ngj (τ)Kj(x)(1− nF (zxE)− nF (z¯xE))
−νg
νq
N
qf
j (τ)Kj(zx)
z2
(nB(xE) + nF (z¯xE))− νg
νq
N
q¯f
j (τ)Kj(z¯x)
z¯2
(nB(xE) + nF (zxE))
]
×wi(x) , (A.33)
where for the symmetric g ↔ gg and g ↔ qq¯ processes, we symmetrized the integrand by
change of variable z → z¯.
Similarly, the quark collision integrals are given by
Cq↔qgqf ,ij =
∑
f
∫ 1
0
dz
dΓqgq
(
xE
z , z
)
dz
[
N
qf
j (τ)Kj(x) (1 + nB(zxE)− nF (z¯xE))
+νq
νg
Ngj (τ)Kj(zx)
z2
(nF (xE)− nF (z¯xE))−
N
qf
j (τ)Kj(z¯x)
z¯2
(nF (xE) + nB(zxE))
]
× [wi(z¯x)− wi(x)] , (A.34)
Cg↔qq¯qf ,ij =
∑
f
∫ 1
0 dz
dΓgqq¯(xE,z)
dz
[
Ngj (τ)Kj(x)(1− nF (zxE)− nF (z¯xE))
−νgνq
N
qf
j (τ)Kj(zx)
z2 (nB(xE) + nF (z¯xE))−
νg
νq
N
q¯f
j (τ)Kj(z¯x)
z¯2 (nB(xE) + nF (zxE))
]
×wi(zx) . (A.35)
For the antiquark channel the q¯ ↔ q¯g process is the same as the quark by exchange of qf
with q¯f , while the g ↔ qq¯ process is given by
Cg↔qq¯q¯f ,ij =
∑
f
∫ 1
0 dz
dΓgqq¯(xE,z)
dz
[
Ngj (τ)Kj(x)(1− nF (zxE)− nF (z¯xE))
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−νgνq
N
qf
j (τ)Kj(zx)
z2 (nB(xE) + nF (z¯xE))−
νg
νq
N
q¯f
j (τ)Kj(z¯x)
z¯2 (nB(xE) + nF (zxE))
]
×wi(z¯x) . (A.36)
Using the properties of the wedge function one can easily find that charge is conserved
because ∑
i
Cg↔qq¯qf ,ij − C
g↔qq¯
q¯f ,ij
∝
∑
i
wi(zx)− wi(z¯x) = 0 , (A.37)∑
i
C
(q/q¯f )↔(q/q¯f )g
(qf/q¯f ),ij ∝
∑
i
wi(z¯x)− wi(x) = 0 , (A.38)
and analogously for energy conservation, we have∑
i
xi[wi(zx) + wi(z¯x)− wi(x)] = 0 , (A.39)
for all allowed configurations of the splitting.
A.3.1 Inelastic effective rate
As described in section 2.2, jet particles undergo multiple soft scattering giving rise to
medium induced radiation. One also have to take into account the Landau-Pomeranchuk-
Migdal (LPM) effect [45] caused by interference between mean free time and the radiation
formation time. Following P. Arnold [30], the infinitely many diagrams can be resummed
into an effective rate written as
dΓabc(p, z)
dz
= αsPab(z)[2pz(1− z)]2
∫
d2pb
(2pi)2 Re
[
2pb · g(z,P )(pb)
]
, (A.40)
where Pab(z) are the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) splitting func-
tions
Pgg(z) = 2CA
[1− z(1− z)]2
z(1− z) , Pqg(z) = CF
1 + (1− z)2
z
, Pgq(z) =
1
2
(
z2 + (1− z)2
)
.
(A.41)
g(z,P )(pb) satisfies the following integral equation
2pb = iδE(z, P,pb)g(z,P )(pb) +
∫
d2q
(2pi)2
dΓ¯el
d2q
{
C1
[
g(z,P )(pb)− g(z,P )(pb − q)
]
+
Cz
[
g(z,P )(pb)− g(z,P )(pb − zq)
]
+ C1−z
[
g(z,P )(pb)− g(z,P )(pb − (1− z)q)
]}
,
(A.42)
with dΓ¯el
d2q corresponding to the elastic broadening kernel, which at leading order of pertur-
bation is written
dΓ¯el
d2q
= m
2
D
q2(q2 +m2D)
. (A.43)
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Figure 9: Comparison of the matching of the leading-log splitting rate (blue line) to the
full effective rate (red dot) for g ↔ gg process. We also show the Bethe-Heitler rate (green)
relevant for soft radiation. On the left panel we show for a parent particle with energy
E = 1000T , and on the right panel for parent particle with energy E =
√
1000T .
The color factors are written as
C1 = 12
(
CRz + CR1−z − CR1
)
, Cz = 12
(
CR1−z + CR1 − CRz
)
,
C1−z = 12
(
CR1 + CRz − CR1−z
)
, (A.44)
here CR1,z,1−z corresponds to the Casimir of the representation with momentum fraction
1, z, 1− z. The energy δE(z, P,pb) is defined by
δE(z, P,pb) =
p2b
2Pz(1− z) +
m2∞.(z)
2zP +
m2∞.(1−z)
2(1− z)P −
m2∞.(1)
2P , (A.45)
where the thermal masses for a plasma in equilibrium are given by
m∞,g =
g2
dA
∫
d3p
(2pi)3
1
p
[νgCAnB(p) + 2NfνgCFnF (p)] =
g2T 2
2
(
Nc
3 +
Nf
6
)
, (A.46)
m∞,q =m∞,q¯ = g2CF
∫
d3p
(2pi)3
1
p
[2nB(p) + 2NfnF (p)] = g2T 2
CF
4 . (A.47)
We Fourier transform Eq. (A.42) to impact parameter space, turning the integral
equation into a differential equation, which we solve numerically following a refined version
of the algorithm in [46].
A.3.2 Comparison to leading-log approximation
For highly energetic parent particles the radiation rate in Eq. (A.40) is in the deep LPM
regime which can be approximated by the Harmonic Oscillator (HO) rate [30]. In order to
match the HO rate, one has to choose a sensible value of ˆ¯q. For the early time behavior in
Eqns. (3.28-3.30) we consider the parent particle to be of energy E and fit ˆ¯q(E) to match,
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as shown in the left panel of Fig. 9. In the same figure we show the rate in the Bethe-Heitler
regime [10] which describes the splitting to soft fragments, one can see clearly how the full
splitting rate interpolate between the leading-log rate for high energetic fragments and the
BH regime for soft fragments. Conversely, for the successive branchings in Eqns. (3.38-
3.39) we approximate the parent particle energy by the geometric mean between the jet
energy E and the temperature T and fit the value of ˆ¯q(
√
TE) as shown in right panel of
Fig. 9.
B Small-angle approximation
In this appendix we shall explain how one finds the diffusion approximation to the elastic
2↔ 2 QCD scatterings. We start from the following collision integral [26]
Ca[f ] =
1
2|p1|νa
∑
bcd
∫
dΩ2↔2
∣∣∣Mabcd(p1,p2;p3,p4)∣∣∣2F(p1,p2;p3,p4) , (B.1)
whereMabcd(p1, p2; p3, p4) is the QCD matrix element and F(p1, p2; p3, p4) is the statistical
factor given by
F(p1,p2,p3,p4) =fc(p3) fd(p4) (1±fa(p1)) (1±fb(p2))
− fa(p1) fb(p2) (1±fc(p3)) (1±fd(p4)) . (B.2)
B.1 Phase-space parametrization
We define the phase-space measure for 2↔ 2 scatterings as follows∫
dΩ2↔2 ≡
∫
d3p2
(2pi)3
1
2E2
∫
d3p3
(2pi)3
1
2E3
∫
d3p4
(2pi)3
1
2E4
(2pi)4δ(4)(P1 + P2 − P3 − P4) .
(B.3)
Following the parametrization in [47], one can use the 3 dimensional integral to apply the
momentum delta function defining q ≡ p1 − p3 = p4 − p2. While the energy delta function
left is cast into two delta functions, by introducing an integration over ω representing the
energy exchange. The phase-space measure becomes∫
dΩ2↔2 =(2pi)
∫
d3p2
(2pi)3
∫
d3q
(2pi)3
∫
dω
1
8p1p22q2
Θ(q − |ω|)Θ(p1 − q + ω2 )Θ(p2 −
q − ω
2 )
δ
(
cosθ1q −
(
ω
q
− ω
2 − q2
2p1q
))
δ
(
cosθ2q −
(
ω
q
+ ω
2 − q2
2p2q
))
. (B.4)
Within this parametrization the Mandelstam variables are given by
t = ω2 − q2 , s = −2p1p2(1− cos θ12) , u = −t− s , (B.5)
where θ12 is the angle between p1 and p2. Not that here a t-channel parametrization has
been used, while the u-channel can obtained by exchanging p3 ↔ p4 momentum and the
s-channel diagrams are neglected because of the divergent nature of the t- and u-channels
for small momentum exchange.
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To perform the 3 dimensional q integration we write the different component in the
following orthonormal basis
~e+~e−
~e3
 =

~e1+~e2√
2+2 cos θ12
~e1−~e2√
2−2 cos θ12
~e1×~e2
|~e1×~e2|
 , q ≡
q+q−
q⊥
 =

q(cos θ1q+cos θ2q)√
2+2 cos θ12
q(cos θ1q−cos θ2q)√
2−2 cos θ12
±
√
q2 − q21 − q22
 , (B.6)
where θ1q/θ2q are the angles between p1/p2 and q. We perform a change of integration
variables from (q+, q−, q⊥) to (cos θ1q, cos θ2q, q), and combine the range of q⊥ integration
as follows ∫ qmax
−qmax
dq⊥ f(q⊥) =
∫ qmax
0
dq⊥ f(|q⊥|) + f(−|q⊥|) , (B.7)
We then use the two delta functions to perform two integrations obtaining∫
dΩ2↔2 =2(2pi)
∫
d3p2
(2pi)3
∫
dq
(2pi)3
∫
dω
1
8p1p22q2
q3
|q⊥|
√
1− cos2 θ12
Θ
(
1−
∣∣∣∣q+q
∣∣∣∣)Θ(1− ∣∣∣∣q−q
∣∣∣∣) ,
(B.8)
for q, w  p1, p2 we can neglect earlier Θ functions restraining p1 and p2 integrations.
We also have symmetrized the integrand giving rise to a factor 2 and canceling all odd
integrands of q⊥.
The component of vector q in the new parametrization are written as follows
q+ =
2ω − ω2−q22
(
1
p1
− 1p2
)
√
2 + 2 cos θ12
, q− = −
ω2−q2
2
(
1
p1
+ 1p2
)
√
2− 2 cos θ12
. (B.9)
Since the QCD matrix element favors small angle exchange we expand the different con-
tributions to the integrand in power of q and ω in the following sections, and we use the
leading order of q to perform the integral.
B.2 Expansion of statistical terms
Before expanding the statistical term we note that the t-channel diagrams can be written
either with interaction due to a gluon exchange giving rise to the current term in the
Fokker-Planck equation these require a and c to be the same species and likewise for b and
d, which cancels the 0-th order in q of the statistical term. The matrix elements for these
diagrams are proportional to s2
t2 ∝ q−4 necessitating expansion of the statistical term up
to second order
FCurrent(p1,p2, q) = qi
{
−fa(p2)(1± fb(p2))∂ip1fa(p1) + fa(p1)(1± fa(p1))∂ip2fb(p2)
}
+ qiqj2
{
fb(p2)(1± fb(p2))∂ip1∂jp1fa(p1) + fa(p1)(1± fa(p1))∂ip2∂jp2fb(p2)
− ∂jp2fb(p2)∂ip1fa(p1)(1± fa(p1))− ∂jp1fa(p1)∂ip2fb(p2)(1± fb(p2))
}
. (B.10)
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Whereas the diagrams where a quark exchange takes place, give rise to the conversion
processes and require a and d to be the same species instead, likewise for b and c. The
matrix elements for these diagrams are proportional to st ∝ q−2 which only require to take
the 0-th order expansion of the statistical term
FConversion(p1,p2, q) =fb(p1) fa(p2) (1±fa(p1)) (1±fb(p2))
− fa(p1) fb(p2) (1±fb(p1)) (1±fa(p2)) . (B.11)
B.3 Evaluation of small angle matrix elements
By combining the statistical terms with the matrix element one finds for the current con-
tributions
CCurrenta =2(2pi)
∫
d3p2
(2pi)3Bi
{
−fa(p2)(1± fb(p2))∂ip1fa(p1) + fa(p1)(1± fa(p1))∂ip2fb(p2)
}
+ Bij2
{
fb(p2)(1± fb(p2))∂ip1∂jp1fa(p1) + fa(p1)(1± fa(p1))∂ip2∂jp2fb(p2)
− ∂jp2fb(p2)∂ip1fa(p1)(1± fa(p1))− ∂jp1fa(p1)∂ip2fb(p2)(1± fb(p2))
}
,
(B.12)
and the conversion contributions can be expressed as
CConversiona =2(2pi)
∫
d3p2
(2pi)3 B {fb(p1) fa(p2) (1±fa(p1)) (1±fb(p2))
−fa(p1) fb(p2) (1±fb(p1)) (1±fa(p2))} . (B.13)
The above equations give rise to the three following integrals
B ≡
∫
dq
2pi2
∫ q+
−q+
dω
1
8p1p22q2
q3
|q⊥|
√
1− cos2 θ12
s
t
, (B.14)
Bi ≡
∫
dq
2pi2
∫ q+
−q+
dω
1
8p1p22q2
q3
|q⊥|
√
1− cos2 θ12
qi
s2
t2
, (B.15)
Bij ≡
∫
dq
2pi2
∫ q+
−q+
dω
1
8p1p22q2
q3
|q⊥|
√
1− cos2 θ12
qiqj
2
s2
t2
. (B.16)
(B.17)
Taking the integrations we find at lowest order of q
B =
∫
dq
q
1
8pip2
, Bi =
∫
dq
q
p1
8pi
(
~e1
p2
− ~e2
p1
)
, (B.18)
Bij =
∫
dq
q
p1
16pi
(
δij(1− cos θ12) + p
i
1
p1
pj2
p2
+ p
j
1
p1
pi2
p2
)
. (B.19)
B.4 Collision integrals in small angle approximation
After combining the integrals with the statistical term, we obtain the different collision
integrals. We define the current term in the gluon channel as
CCurrentg [f ] = Cgg
g←→gg
g [f ] +
∑
f
(
C
gqf
g←→gqf
g [f ] + Cgq¯f
g←→gq¯f
g [f ]
)
, (B.20)
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where we only take the gluon exchange contribution of the (anti-)quark/gluon scatterings
denoted by g←→. The different collision integrals are written
Cgg
g←→gg
g [f ] =
g4CAL
4pi ∂
i
p1
∫
d3p2
(2pi)3CAfg(p2)(1 + fg(p2))∂
i
p1fg(p1)
+CA
2fg(p2)
p2
pi1
p1
fg(p1)(1 + fg(p1)) , (B.21)
C
gqf
g←→gqf
g [f ] =
g4CAL
4pi ∂
i
p1
∫
d3p2
(2pi)3 fqf (p2)(1− fqf (p2))∂
i
p1fg(p1)
+
2fqf (p2)
p2
pi1
p1
fg(p1)(1 + fg(p1)) , (B.22)
C
gq¯f
g←→gq¯f
g [f ] =
g4CAL
4pi ∂
i
p1
∫
d3p2
(2pi)3 fq¯f (p2)(1− fq¯f (p2))∂
i
p1fg(p1)
+
2fq¯f (p2)
p2
pi1
p1
fg(p1)(1 + fg(p1)) , (B.23)
where we define the logarithmic enhancement L = ∫ µmD dqq .
Conversely, the quark exchange contribution to the scatterings lead to the conversion
terms
CConversiong [f ] =
∑
f
(
C
gqf
q←→gqf
g [f ] + Cgq¯f
q←→gq¯f
g [f ] + Cgg
q←→qf q¯f
g [f ]
)
, (B.24)
= 18|p|
∑
f
[
fqf (p1)(1 + fg(p1))− fg(p1)(1− fq¯f )
]
Iqf
+
[
fq¯f (p1)(1 + fg(p1))− fg(p1)(1− fqf )
]
Iq¯f , (B.25)
where Iqf and Iq¯f are given by the following moments of the phase-space distribution
Iqf =
g4CFL
pi
∫
d3k
(2pi)3
1
|k|
[
fqf (k)(1 + fg(k)) + fg(k)(1− fq¯f (k))
]
, (B.26)
Iq¯f =
g4CFL
pi
∫
d3k
(2pi)3
1
|k|
[
fq¯f (k)(1 + fg(k)) + fg(k)(1− fqf (k))
]
. (B.27)
Similarly, for the quark channel using only the gluon exchange part of the scatterings we
write the current term
CCurrentqf [f ] = C
qfg
g←→qfg
qf [f ] +
∑
i
(
C
qf qi←→qf qi
qf [f ] + C
qf q¯i←→qf q¯i
qf [f ]
)
, (B.28)
C
qfg
g←→qfg
qf [f ] =
g4CFL
4pi ∂
i
p1
∫
d3p2
(2pi)3CAfg(p2)(1 + fg(p2))∂
i
p1fqf (p1)
+CA
2fg(p2)
p2
pi1
p1
fqf (p1)(1 + fg(p1)) , (B.29)
C
qf qi←→qf qi
qf [f ] =
g4CFL
8pi ∂
i
p1
∫
d3p2
(2pi)3 fqi(p2)(1− fqi(p2))∂
i
p1fqf (p1)
+2fqi(p2)
p2
pi1
p1
fqf (p1)(1− fqf (p1)) , (B.30)
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C
qf q¯i←→qf q¯i
qf [f ] =
g4CFL
8pi ∂
i
p1
∫
d3p2
(2pi)3 fq¯i(p2)(1− fq¯i(p2))∂
i
p1fqf (p1)
+2fq¯i(p2)
p2
pi1
p1
fqf (p1)(1− fqf (p1)) , (B.31)
and using the quark exchange part of the scatterings we write the conversion term
CConversionqf [f ] = C
qfg
q←→qfg
qf [f ] + C
qf q¯f
q←→gg
qf [f ] , (B.32)
= g
4C2FL
4pi
∑
f
∫
d3p2
(2pi)3 fqf (p1)(1 + fg(p1))Iqf − fg(p1)(1− fqf )Iq¯f .
(B.33)
The same quark collision integrals apply to the antiquark channel after exchange of qf with
q¯f and vice-versa. After summing the different contributions for each channel, one recovers
the Fokker-Planck equation in section 2.
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